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This paper presents a complex model of the primary and secondary vacuum freeze-drying stages at
microwave heating. The simulation of the process was performed for typical adsorbents which were
chosen as ideal representatives of random solids having particle and bed porosity. One-dimensional
two-region model of the primary freeze-drying at microwave heating was formulated and then solved
numerically using the finite-difference MacCormack method. Varying during the process sublimation
front temperature TsðtÞ was taken into account. Simulated drying curves were compared with experi-
mental results giving fairly good agreement. A mathematical model of the secondary freeze-drying at
microwave heating was developed and solved using the numerical method of lines. Pressure drop in
the material was taken into account and calculated using Ergun equation. As a result of the model solu-
tion, the moisture content and the temperature distributions in drying material were obtained. In both
mathematical models steady internal heat source capacity was calculated as a function of material
temperature.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Freeze-drying is a multiple operation usually performed in
three stages: pre-freezing of the wet product, primary drying when
direct sublimation of the frozen solvent takes place in vacuum con-
ditions, and finally secondary stage when residual bound water is
desorbed from the material matrix [1–8]. Especially Liapis and
Sadikoglu [7] and Sadikoglu et al. [8] derived comprehensive math-
ematical model of freeze-drying of pharmaceuticals at contact
heating. In literature there are many papers concerning vacuum
freeze-drying process at microwave heating [9–17]. Various gen-
eral problems of microwave heating in physical systems are also
developed [18–48]. In this paper, the complex mathematical model
of both the primary and secondary freeze-drying at microwave
heating is formulated.

The typical freeze-dried foodstuffs, pharmaceutical and biologic
products have a porous, nonshrunken structure resulted from
structural rigidity achieved by frozen water. However, some mate-
rials called random solids (disordered porous media) have a non-
homogenous inner structure which prevents collapse of the solid
matrix [48]. The granular form of such materials means that both
particle and bad porosity should be taken into consideration.
Adsorbents being typical random solids were used here in theoret-
ical and experimental investigation of the process.
ll rights reserved.

: +48 91 449 4642.
2. Investigation of the primary freeze-drying of random solids
at microwave heating

2.1. Experimental equipment

Experimental investigations of the primary freeze-drying of
random solids at microwave heating were performed by means
of the set-up composed of the microwave circuit, the vacuum sys-
tem, the refrigeration system, the temperature and weight mea-
surements devices and the data acquisition system (Fig. 1).

A cylindrical Teflon container filled with material to be dried is
hanged on the extensometer balance inside the vacuum chamber.
Temperature of dried material is measured by the fluoroptic ther-
mometer (FOT Lab Kit – Luxtron Corp.) which does not interact sig-
nificantly with electromagnetic field. The sample is inserted into
the microwave applicator which is constructed as a section of rect-
angular brazen waveguide and acts as a mono-modal resonant cav-
ity. One of applicator walls is the movable tuner and its position
can be adjusted remotely by stepping motor. The applicator is con-
sidered to be tuned when current signal of the microwave detector
coupled with the magnetic loop under the sample achieves maxi-
mum, which means maximal electric field strength in the sample.

Generated microwaves of 2450MHz frequency are transmitted
via the waveguide, the coaxial cable, the directional coupler and
the vacuum feedthrough to the applicator inside the vacuum
chamber. Microwave power reflected in the applicator returns to
the directional coupler which directs it to the dummy load where
is totally dissipated.
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Nomenclature

ae effective thermal diffusivity, m2/s
ca specific heat of adsorbed phase (water), J/(kg K)
cpe

effective specific heat, J/(kgK)
cpg

specific heat of gas phase, J/(kgK)
cpg

specific heat of gas phase in secondary freeze-drying,
J/(molK)

cpw
specific heat of water vapor, J/(kgK)

cs specific heat of adsorbent, J/(kgK)
C vapor molar concentration in secondary freeze-drying,

mol/m3

Cs vapor mass concentration at sublimation front, equilib-
rium for Ts, kg/m3

CL vapor mass concentration at material free surface,
kg/m3

C1 vapor mass concentration in vacuum chamber, kg/m3

DeII vapor diffusivity in dry layer, m2/s
Deff effective diffusion coefficient, m2/s
DK Knudsen diffusivity, m2/s
DM molecular diffusivity, m2/s
DS surface diffusion coefficient, m2/s
DS0 parameter in equation defining surface diffusion coeffi-

cient, m2/s
dz particle diameter, m
E electric field strength, V/m
E0 activation energy, J/mol
f microwave frequency, Hz
ke effective thermal conductivity, W/(m K)
K kinetic coefficient, 1/s
Kdys dissipation coefficient, W/(mV2)
L material layer thickness, m
Min molar mass of inert, kg/mol
Mw molar mass of water, kg/mol
Nw mass flux density diffusing from moving boundary,

kg/(m2s)
NX mass flux density diffusing from material in secondary

freeze-drying, mol/(m2s)
pL vapor partial pressure at material free surface, Pa
ps vapor partial pressure at sublimation front, equilibrium

for Ts, Pa
P vacuum chamber total pressure, Pa
q heat flux, W/m2

qs heat flux at moving boundary, W/m2

Qv capacity of internal volumetric heat source, W/m3

rp mean pore radius, m
R universal gas constant, J/(molK)
t time, s
tp initial time, s
T temperature, K
TIIref

arbitrary reference temperature, K
TIIavg average temperature of region II, K
T0 temperature of bottom surface, K
Tcon temperature of a condenser, K
TL exposed surface temperature, K
Ts temperature of sublimation front at moving boundary, K
Ts;3 triple point temperature, K
Tseq reference temperature (equilibrium temperature of ice

sublimation), K
T1 surroundings temperature of the sample, K
W average moisture content of dried bed, kg/kg

W0 constant of the multitemperature Langmuir isotherm,
kg/kg

Weq equilibrium moisture content, kg/kg
Wp initial moisture content, kg/kg
Wr equilibrium moisture content in secondary freeze-

drying, kg/kg
x Cartesian position coordinate, m
X position coordinate of moving boundary, m
Xp initial position coordinate of moving boundary, m
yin mole fraction of inert, mol/mol
yw mole fraction of water vapor, mol/mol
y�w equilibrium mole fraction of water vapor, mol/mol

Greek symbols
aII1 heat transfer coefficient at the surface of region II,

W/(m2K)
bII internal mass transfer coefficient in region II, m/s
DHads heat of adsorption, J/mol
Dhs enthalpy of sublimation, J/kg
e porosity (–)
e0 permittivity of free space, F/m
e00 relative loss factor (–)
e00I ; e00II effective relative loss factor in region I and region II (–)
ep particle porosity (–)
g gas viscosity, Pa s
l1 constant in Eq. (46) (secondary drying), W=ðmV2 KÞ
l2 constant in Eq. (46) (secondary drying), W=ðmV2Þ
l1I

; l1II
constants in Eqs. (4) and (7), respectively (primary
drying), W=ðmV2 KÞ

l2I
; l2II

constants in Eqs. (4) and (7), respectively (primary
drying), W=ðmV2Þ

qeI
effective density of region I, kg/m3

qbu bulk density of dry material, kg/m3

qbuII
bulk density of region II, kg/m3

qp particle density of adsorbent, kg/m3

rAB characteristic length of the intermolecular force law
[Lennard–Jones] (Å)

XAB collision integral for diffusion (–)

Dimensionless numbers
C�w concentration of water in secondary freeze-drying
N�w water vapor flux in region II
q�I ; q�II heat fluxes
Q�v capacity of internal heat source in secondary drying

stage
Q�v I

;Q�v II
capacity of internal heat sources in primary freeze-
drying stage

SteVI ; SteVII modified Stefan numbers
t�; t�I ; t�II times
T�I ; T�II temperatures
W� average moisture content
x�; x�I ; x

�
II dimensionless coordinates

X� moving boundary position
x pressure in secondary freeze-drying stage

Subscripts
I frozen layer
II dried layer
VC vacuum chamber
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Temperature inside the chamber is controlled by the refrigera-
tion system with a refrigerant circulating in the vacuum chamber’s
jacket. Sublimated vapors are removed from the chamber by the
cold trap cooled by means of liquid nitrogen. The vacuum pump
is operating constantly whilst self-regulated purge valve maintains
pressure in the vacuum chamber at the level of 100 Pa.
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Fig. 2. A physical model of the primary freeze-drying of random solids at
microwave heating.

Fig. 1. The experimental set-up for investigations of the primary microwave freeze-
drying.
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2.2. Experimental methodology

Experiments of the primary microwave freeze-drying were
performed two times: first with measurements of sample mass
decrement and second with only sample temperature measure-
ments. It was impossible to measure simultaneously both above
mentioned values in the same experimental run. When tempera-
ture was measured, a fluoroptic probe was placed in the center
of the sample.

After wet material freezing in the vacuum chamber at the tem-
perature about �30 �C, the apparatus is sealed and the vacuum
pump started. When demanded process pressure in the chamber
is achieved, the microwave generator is turned on and the resonant
cavity is tuned to a TE102 mode. During the single experimental run
the sample temperature or sample weight decrement as well as
temperature and pressure in the vacuum chamber are recorded
by DASYLab data acquisition program. Additionally continuous
measurements of current signal of the microwave detector coupled
with magnetic loop inside the applicator indicates when the reso-
nant cavity needs to be tuned during the experiments.
3. Mathematical model of primary freeze-drying of random
solids at microwave heating

We consider a dried material having geometry of an infinite slab
with bottom insulated and upper surface exposed to a vacuum at
drying chamber temperature TVC , as shown in Fig. 2.

The following assumptions are made to simplify governing
equations:

(i) The sublimation ice front divides a sample into frozen region
I and dried region II and its initial position Xp at t ¼ 0 is arbi-
trary defined.

(ii) In frozen region I energy is transferred by conduction
whereas conduction and convection are considered in dried
region II.

(iii) During the process, as sublimated vapors diffuses from the
interface towards exposed surface, moving boundary (ice
front) retreats uniformly until frozen free water is totally
removed.
(vi) In both material layers heat is generated as a result of micro-
waves absorption and dissipation.

(v) Distribution of electric field inside the microwave applicator
is uniform.
3.1. Governing equations

3.1.1. Icy region
3.1.1.1. Energy conservation. In frozen region heat flux towards sub-
limation front is governed by:

@TI

@t
¼ aeI

@2TI

@x2 þ
Qv I

qeI
cpeI

ð1Þ

which can be transformed into equivalent set of first order differen-
tial equations composed of energy conservation equation:

cpeI
qeI

@TI

@t
¼ � @qI

@x
þ Qv I

ð2aÞ

and Fourier law:

qI ¼ �keI

@TI

@x
ð2bÞ

Steady capacity of internal heat source Qv I
in source term of Eq. (2a)

is defined as follows [39,40]:

Qv I
¼ KdysI

ðTIÞE2 ð3Þ

where dissipation coefficient KdysI
ðTIÞ can be described as a linear

regression function [6–8]:

KdysI
ðTIÞ ¼ pf e0e00I ðTIÞ � l1I

TI þ l2I
ð4Þ

Parameters l1I
and l2I

in Eq. (4) can be determined experimentally
for frozen bed of a material on the basis of calorimetric procedure
described in detail elsewhere [10,11].

3.1.2. Dried region
3.1.2.1. Energy conservation. In dried region, additionally, convec-
tion is taken into account:
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@TII

@t
¼ aeII

@2TII

@x2 �
cpg

qbuII
cpeII

@ðNwTIIÞ
@x

þ
Qv II

qbuII
cpeII

ð5Þ

which is equivalent to the set of energy conservation equation:

cpeII
qbuII

@TII

@t
¼ � @qII

@x
þ cpw

keII

NwqII þ Qv II
ð6aÞ

and Fourier law:

qII ¼ �keII

@TII

@x
ð6bÞ

Steady capacity of internal heat source Qv II
is defined analogously as

in frozen region:

Qv II
¼ KdysII

ðTIIÞE2 � l1II
TII þ l2II

ð7Þ
3.1.3. Sublimation front
3.1.3.1. Energy balance. Balance at moving sublimation front is:

�keI

@TI

@x
þ keII

@TII

@x
¼ NwDhs ð8Þ

The displacement of the moving boundary is related to the rate of
sublimation:

Nw ¼ ðWp �WeqÞqbuII

dXðtÞ
dt

ð9Þ
3.1.3.2. Temperature of sublimation front Ts. Simultaneous energy
and mass balance at the moving boundary gives:

qsðtÞ ¼ NwðtÞ � DHs ¼ bIIðtÞ½CsðtÞ � CLðtÞ�Dhs

¼ bIIðtÞ
psðtÞ
TsðtÞ

� pL

TL

� �
Mw

R
Dhs ð10Þ

Assuming a thermodynamic equilibrium between water vapor and
ice at the moving boundary [3], Eq. (10) can be rearranged into:

exp a
TsðtÞ þ b
� �
TsðtÞ

¼ qsðtÞR
bIIðtÞMwDhs

þ
exp a

TL
þ b

� �
TL

ð11Þ

where a ¼ �6320:152 and b ¼ 29:558 [5].
Internal mass transfer coefficient in region II can be expressed

as:

bIIðtÞ ¼
DeII

L� XðtÞ ð12Þ

where effective diffusivity DeII :

1
DeII

¼ 1
DK
þ 1

DM
ð13Þ

is a combination of Knudsen diffusivity [49]:

DK ¼ 1:0638 � rp

ffiffiffiffiffiffiffiffiffiffiffiffiffi
RTIIavg

Mw

s
ð14Þ

and molecular diffusivity [50]:

DM ¼
1:8829 � T3=2

IIavg
ð1=Mw þ 1=MinÞ1=2

Pr2
ABXAB

ð15Þ

whererAB and XAB are determined for the system water vapor ðAÞ– air
ðBÞ on the basis of tabulated constant of Lennard–Jones forces [50].

Eq. (11) enables estimating of sublimation front temperature Ts

at ice front by numerical method e.g. bisection method, in each
time step of simulation calculations.
3.1.4. Boundary conditions
At the bottom:

�keI

@T
@x

����
x¼0
¼ 0 ð16Þ

and at the exposed surface:

keII

@T
@x

����
x¼L

¼ aII1ðT1 � TLÞ ð17Þ

CLðtÞ ¼ C1 ð18Þ
3.1.5. Initial conditions
For the sake of numerical solution, arbitrary initial position of

moving boundary is assumed: XðtpÞ ¼ Xp. Thus, in frozen layer:

TIðx; tpÞ ¼ TsðtpÞ for 0 6 x 6 Xp ð19Þ

In dried layer initial linear temperature profile is assumed:

TLðtpÞ � TIIðx; tpÞ
TLðtpÞ � TsðtpÞ

¼ L� xðtpÞ
L� Xp

for Xp 6 x 6 L ð20Þ
3.2. Solution of the mathematical model

3.2.1. Dimensionless variables
Formulated mathematical model of the primary microwave

freeze-drying can be rearranged into more convenient form, incor-
porating following definitions of dimensionless variables:

x�I ¼
xI

L
; x�II ¼

xII

L
; X� ¼ X

L
; t�I ¼

aeI t

L2 ; t�II ¼
aeII t

L2 ;

T�I ¼
TI � Ts;3

Tseq � Ts;3
T�II ¼

TII � TIIref

Tseq � TIIref

; q�I ¼
qIL

keI ðTseq � Ts;3Þ
;

q�II ¼
qIIL

keII ðTseq � TIIref
ÞQ

�
v I
¼

Qv I
L2

keI ðTseq � Ts;3Þ
; Q �v II

¼
Qv II

L2

keII ðTseq � TIIref
Þ ;

W� ¼ W �Weq

Wp �Weq
; N�w ¼

LcpwNw

keII

ð21Þ
3.2.2. Governing equations in dimensionless form
Equation sets (2) and (6) expressed in terms of the above

dimensionless variables are as follows:

@T�I
@t�I
þ @q�I
@x�I
� Q �v I

¼ 0 ð22aÞ

@T�I
@x�I
þ q�I ¼ 0 ð22bÞ

@T�II
@t�II
þ @q�II
@x�II
� Q�v II

� N�wq�II ¼ 0 ð23aÞ

@T�II
@x�II
þ q�II ¼ 0 ?? ð23bÞ
3.2.3. Numerical method
Sets (22) and (23) are solved together with adequate initial and

boundary conditions by the MacCormack finite-difference method.
It is numerical explicit scheme of second order accuracy [51]. Mod-
el equations can be rewritten in the following vector form:

@Ei

@t�i
þ @Fi

@x�i
þ Gi ¼ 0 i ¼ I; II ð24aÞ



Table 1
Physical properties of freeze-dried materials.

Dried material dz � 103=m qeI
=kg m�3 qbuII

=kg m�3 e=� rp � 1010=m

Silicagel 0.230 1297.4 681 0.67 42.1
Sorbonorit 4 5.268 1048.2 400 0.71 15.2
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Fig. 3. Dimensionless moving boundary position, dimensionless average moisture
content and heat flux at moving boundary versus time in silicagel microwave
freeze-drying: P ¼ 100 Pa; L ¼ 0:004 m; Xp ¼ 0:0029 m; E ¼ 4740 V=m.
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where:

EI ¼
T�I
0

� 	
FI ¼

q�I
T�I

� 	
GI ¼

�Q �v I

q�I

� 	
ð24bÞ

EII ¼
T�II
0

� 	
FII ¼

q�II
T�II

� 	
GII ¼

�Q �v II
� N�wq�II
q�II

� 	
ð24cÞ

MacCormack scheme consists of the predictor:

Ênþ1
i;j ¼ En

i;j �
Dt�i
Dx�i

Fn
i;jþ1 � Fn

i;j

� �
� Dt�i � G

n
i;j ð25aÞ

and the corrector:

Enþ1
i;j ¼ 0:5 En

i;j þ Ênþ1
i;j �

Dt�i
Dx�i

F̂nþ1
i;j � F̂nþ1

i;j�1

� �
� Dt�i � Ĝnþ1

i;j

� 	
ð25bÞ

where j denotes spatial steps, n – time steps and circumflex – pre-
dicted values at time level nþ 1. Detailed equations of MacCormack
scheme after incorporating (24b) and (24c) are as follows, for pre-
diction step:

T̂�nþ1
I;j ¼ T�nI;j �

Dt�I
Dx�I

q�nI;jþ1 � q�nI;j

� �
þ Dt�I Q �v I;j

ð26aÞ

q̂�nþ1
I;j ¼

T̂�nþ1
I;j � T̂�;nþ1

I;jþ1

Dx�I
ð26bÞ

T̂�nþ1
II;j ¼ T�nII;j �

Dt�II
Dx�II

q�nII;jþ1 � q�nII;j

� �
þ Dt�II Q �v II;j

þ N�wj
q�nIIj

� �
ð27aÞ

q̂�nþ1
II;j ¼

T̂�nþ1
II;j � T̂�;nþ1

II;jþ1

Dx�II
ð27bÞ

and for correction step:

T�nþ1
I;j ¼ 0;5 T�nI;j þ T̂�nþ1

I;j � Dt�I
Dx�I

q̂�nþ1
I;j � q̂�nþ1

I;j�1

� �
þ Dt�I Q̂ �nþ1

v I;j

� 	
ð28aÞ

q̂�nþ1
I;j ¼

T̂�nþ1
I;j�1 � T̂�nþ1

I;j

Dx�I
ð28bÞ

T�nþ1
II;j ¼ 0;5 T�nII;j þ T̂�nþ1

II;j �
Dt�II
Dx�II

q̂�nþ1
II;j � q̂�nþ1

II;j�1

� �
� Dt�II Q̂ �v II;j

þ N̂�wj
q̂�II;j

� �� 	
ð29aÞ

q̂�nþ1
II;j ¼

T̂�nþ1
II;j�1 � T̂�nþ1

II;j

Dx�II
ð29bÞ

Dimensionless increment of moving boundary DX�, and dimen-
sionless sample average moisture decrement DW� are derived from
Eqs. (8) and (9) in terms of the dimensionless variables (21). They
are expressed for region I and region II, respectively:

DX�nþ1
I ¼ DW�nþ1

I ¼ q�nþ1
Ij¼N � SteVI � Dt�I ;

DX�
nþ1

II ¼ DW�nþ1
II ¼ q�nþ1

IIj¼N � SteVII � Dt�II ð30Þ

where modified Stefan numbers are defined, respectively by:

Stev I ¼
qeI

cpeI

qbuII

ðTseq � Ts;3Þ
DhsðWp �WeqÞ

; Stev II ¼
cpeII
ðTseq � TIIref Þ

DhsðWp �WeqÞ
ð31Þ

In each time step the actual values of X� and W� are calculated as:

X�nþ1 ¼ X�n þ DX�nþ1
I þ DX�nþ1

II ð32Þ
W�nþ1 ¼W�n þ DW�nþ1

I þ DW�nþ1
II ð33Þ
3.3. Physical properties

For experimental study of the primary freeze-drying at micro-
wave heating two typical adsorbents were chosen: silicagel and
Sorbonorit 4 activated carbon. Physical properties of dried material
beds are collected in Table 1.

3.4. Numerical results and discussion

Simulations of the primary freeze-drying at microwave heating
were performed for N ¼ 50 space steps and were stable at given sta-
bility condition Dt�i =ðDx�i Þ

2
6 1=2, according to Anderson et al. [52].

Thermophysical parameters which were used in process simulation
are as follows for Sorbonorit 4: aeI ¼ 1:54 � 10�7 m2=s; aeII ¼
3 � 10�9 m2=s; keI ¼ 1:600 W=ðm KÞ; keI ¼ 0:094 W=ðm KÞ; and
for Silicagel: aeI ¼ 8:97 � 10�7 m2=s; aeII ¼ 3:13 � 10�8 m2=s;
keI ¼ 1:500 W=ðm KÞ; keII ¼ 0:039 W=ðm KÞ.

For each experimental run initial position of sublimation front
Xp was determined on the basis of measured sample mass decre-
ment during start-up stage of the process. This period from the mo-
ment of starting pump until demanded pressure in the vacuum
chamber was achieved. It lasted usually 1800s. The same value of
Xp was used in numerical calculations.

Exemplary curves of dimensionless moving boundary positions,
dimensionless average moisture contents and heat fluxes at mov-
ing boundary versus time in microwave freeze-drying of silicagel
and Sorbonorit 4 active carbon are shown in Figs. 3 and 4, respec-
tively. In Fig. 3 are presented results for case of constant dissipa-
tion coefficients in the frozen and dried material layers of
Silicagel. Whereas, in Fig. 4 two runs of theoretical computations
assuming both constant and temperature dependant dissipation
coefficients in the Sorbonorit 4 layers are shown. Figs. 3 and 4 pres-
ent also comparison between simulated and experimental results.
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times in microwave freeze-drying of Sorbonorit 4 active carbon: P ¼ 100 Pa; L ¼
0:006 m; Xp ¼ 0:0039 m; E ¼ 460 V=m.
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Calculations for silicagel were performed assuming constant
values of dissipation coefficients in the frozen and dried material
layers (Fig. 3). Then parameters in the Eqs. (4) and (7), determined
on analysis regression basis by fitting model parameters to exper-
imental values, equal: l1I

¼ l1II
¼ 0 W=ðmV2 KÞ, and l2I

¼ 0:00159
W=ðmV2Þ; l2II

¼ 0:00066 W=ðmV2Þ. In this case l2I
and l2II

param-
eters equal KdysI

and KdysII
, respectively. Additionally, it is assumed

that these values do not depend on the temperature. In this in-
stance, it is realistic assumption because dissipation coefficients
measurements for both regions give negligible influence of
temperature.

It should be noted that l2I
and l2II

parameters (intercepts val-
ues in Eqs. (4) and (7)) have similar values, because they were also
calculated on the basis of similar effective relative values of ade-
quate loss factors. It was assumed, that the frozen layer consists
of ice and silicagel matrix (e00I ¼ 0:011Þ, whereas the dried layer
consists of vacuum and silicagel matrix ðe00II ¼ 0:004Þ. Effective rel-
ative loss factors of the dried and frozen layer according to mixture
law were calculated as a nonlinear average of all phase properties,
weighted by their volumetric fractions:

e00I ¼ e e00ICEðTÞ

 �j þ ð1� eÞ e00SOLIDðTÞ


 �j� �1=j
ð34aÞ

e00II ¼ e e00VAPORðTÞ

 �j þ ð1� eÞ e00SOLIDðTÞ


 �j� �1=j
ð34bÞ

where exponent j is an empirical constant equaled 0.5 [43]. Indi-
vidual parameters in above equations mean: e00ICE relative loss factor
of the frozen unbounded water in the sample matrix, e00SOLID relative
loss factor of the material solid matrix and e00VAPOR relative loss factor
of the vapor phase frozen unbounded water in the sample matrix.

In order to take into consideration the dependency of dissipation
coefficients on material temperature for frozen and dried layers
of Sorbonorit 4 active carbon, the following parameters:
l1I
¼ 0:00090 W=ðmV2 KÞ;l2I

¼ 0:41148 W=ðmV2Þ;l1II
¼ 0:00079

W=ðmV2 KÞ;l2II
¼ 0:30905 W=ðmV2Þ were obtained, respectively.

They were determined on the basis of measured relationship
Qv i
¼ Kdysi

ðTiÞE2; i ¼ I; II according to calorimetric procedure
[9,10]. Then liner regression of experimental relation Kdys ¼ f ðTÞ
was used separately for frozen (I) and dried region (II) to determine
l1i

and l2i
; i ¼ I; II. Additionally, other calculations were per-
formed assuming constant values of dissipation coefficients in the
frozen and dried Sorbonorit 4 layers. In his case averaged parame-
ters in the Eqs. (4) and (7) amount to: l2I

¼ 0:395 W=ðmV2Þ and
l2II
¼ 0:299 W=ðmV2Þ, which correspond to the following calcu-

lated effective values of loss factors: e00I ¼ 2:720 and e00II ¼ 2:063,
respectively.

For both silicagel (Fig. 3) and Sorbonorit 4 (Fig. 4) calculated
heat fluxes at sublimation front decrease during the process, when
the thicknesses of the dry layer, having lower dissipation coeffi-
cient, increase. As supplied heat flux is the controlling mechanism
of freeze-drying process, obtained drying curves have curvature
similar to shapes of heat flux at moving boundary versus time
qsðtÞ relation, which have fairly good agreement with experimental
results. For Sorbonorit 4, being lossy dielectric with relatively high
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loss factors values for both layers this relation is linear (Fig. 4).
Nevertheless, typical microwave freeze-dried biomaterials and
foodstuffs have effective loss factor of frozen layer much grater
then effective loss factor of dried layer. Therefore their drying
curves have common distinct parabolic shape [15,16].

The results of simulations for both variable and constant assum-
ing cases of dissipation coefficients for Sorbonorit 4 activated car-
bon as well as experimental measurements are compared in Fig. 4.
Taking into account temperature dependency of dissipation coeffi-
cients, and thereby dielectric loss factors, has no significant influ-
ence on simulation results. This results mainly from small
material temperature changes during the process observed in
Fig. 5 which depicts calculated temperature curves on the surface
of dried Sorbonorit 4 sample, at moving boundary and at bottom
surface. Furthermore, temperature profiles in both regions for var-
ious process times presented in Fig. 6 indicates minimal tempera-
ture changes of frozen layer, therefore heat source capacity in this
region could be expected constant during the process.

4. Mathematical model of the secondary freeze-drying of
random solids at microwave heating

After primary drying, residual moisture content may be as high
as 7% [53]. Secondary drying is intended to reduce this to an opti-
mum value for material stability – usually with moisture content
between 0.5 and 2.0%.

In secondary stage of the freeze-drying at microwave heating
bounded water is removed from the material bed of thickness L
showed schematically in Fig. 7.

In formulating of the mathematical model the following
assumptions are made:

(i) Average moisture content of material is equal the equilib-
rium moisture content at average temperature of dried layer
at the end of primary freeze-drying W ¼Weq.

(ii) Heat energy is generated volumetrically as a result of micro-
wave absorption and dissipation. Distribution of electric
field in a sample is assumed to be uniform.

(iii) There are two mechanisms of mass transport in the mate-
rial: moisture desorption and diffusion of water vapor
throughout the bed.

(vi) Gas phase in dried material and in vacuum chamber consists
of water vapor and air (inert).

(v) Adsorption equilibrium is described by multitemperature
Langmuir isotherm.
VC

x = L

x = X (t)

x = 0

P = const

  T=f(x)     W=Weq

NX

NX

QV

Fig. 7. A physical model of the secondary freeze-drying of random solids at
microwave heating.
4.1. Governing equations

4.1.1. Mass conservation
Mass balance of desorbed moisture in gas phase in dried bed is

given by:

@ðyw � CÞ
@t

þ @ðyw � NxÞ
@x

þ qbu

e �Mw

@W
@t
¼ 0 ð35Þ

where yw þ yin ¼ 1 and C ¼ P=RT is a sum of molar concentrations of
components in gas phase including inert (air).

Moisture mass balance in solid phase results from driving force
between equilibrium moisture content and actual moisture con-
tent of a material:

@W
@t
¼ KðWr �WÞ ð36Þ
4.1.2. Mass transfer
Kinetic coefficient K in Eq. (36) is calculated applying the linear

driving force conception (LDF) [54]:

K ¼ 60 � Deff

d2
z

ð37Þ

The mechanism determining vacuum desorption process is the
diffusion rate in material pores which is a combination of Knudsen
and surface diffusion. Thus, effective diffusivity can be expressed
as:

Deff ¼ DS þ DK
epMw

qp

@y�w
@W

ð38aÞ

Knudsen diffusivity is defined by [49]:

DK ¼ 1:0638 � rp

ffiffiffiffiffiffiffiffi
RT
Mw

s
ð38bÞ

and surface diffusivity is calculated using Arrhenius type relation
[55,56]:

DS ¼ DS0 exp � E0

RT

� �
ð38cÞ

Adsorption equilibrium is expressed by multitemperature extended
Langmuir isotherm [57]:

Wr ¼W0 exp
a
T

� � b � exp c
T

� 

P � yw

1þ b � exp c
T

� 

P � yw

" #
ð39Þ

Thus, the derivative @y�w
@W in Eq. (38a) can be solved analytically as:

@y�w
@W
¼

W0 exp a
T

� 

b exp c

T

� 

P W �W0 exp a

T

� 

 �2 ð40Þ
4.1.3. Heat transfer
Quasi-homogeneous heat balance equation can be expressed as:

�ke
@2T
@x2 þ Nx

Xs

i¼1

yicpgi

@T
@x
þ cR

@T
@t
þ DHads

qbu

Mw

@W
@t
� Qv ¼ 0 ð41Þ

where cR denotes total volumetric specific heat:

cR ¼ qbuðcs þWcaÞ þ e � C
Xs

i¼1

yicpgi
ð42Þ

Isosteric adsorption heat of water vapor in dried material in-
cluded in Eq. (41) is estimated from Clausius–Clapeyron type equa-
tion [58,59]:

DHads ¼ �RT2 @ ln P
@T

� �
W

ð43Þ
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Above equation after incorporating multitemperature Langmuir iso-
therm can be rewritten in analytical form:

DHads ¼ �
R �Wo expða=TÞ

Wo expða=TÞ �W
aþ c � W � c

Wo expða=TÞ

� �
ð44Þ

Source term in Eq. (41) resulting from dissipation of microwave
energy in material volume is defined as:

Qv ¼ KdysE
2 ð45Þ

Dissipation coefficient Kdys in Eq. (45) is expressed as a linear func-
tion of material temperature:
KdysðTÞ � l1T þ l2 ð46Þ

where parameters l1 and l2 are determined by linear regression of
experimental data [11].

4.1.4. Momentum balance
Pressure drop along the sample axis is described by Ergun rela-

tion [60]:

@P
@x
¼ � g

C � kD
Nx �

Xs

i¼1

yiMi
kE

CkD
N2

x ð47Þ

Parameter kD in above Equation defines permeability of dried bed
and parameter kE describes inertial effect:

kD ¼
d2

z e3

150ð1� eÞ2
; kE ¼

1:75dz

150ð1� eÞ ð48Þ

where dz is the equivalent diameter of adsorbent grain and e de-
notes bed porosity.

In order to simplify calculation a following relation defining
molar flux density of water vapor is derived [61]:

Nx ¼ �
2CkDg�1@P=@x

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4C �

Ps
i�1yiMi

� 

kDkEg�2j@P=@xj

q ð49Þ
4.1.5. Boundary and initial conditions
Formulated mathematical model is solved together with the fol-

lowing boundary and initial conditions:

@yi

@x
¼ 0;

@P
@x
¼ 0;

@T
@x
¼ 0 for x ¼ 0 ð50aÞ

@T
@x
¼ 0; P ¼ PðtÞ for x ¼ L ð50bÞ

W ¼Wðx;0Þ; T ¼ Tðx;0Þ; P ¼ Pðx; 0Þ for t ¼ 0 ð50cÞ
*

*

Fig. 8. Division of dried material layer into N sections in numerical method of lines.
4.2. Solution of the mathematical model

4.2.1. Dimensionless variables
Model equations can be expressed in more convenient dimen-

sionless form incorporating the following definitions of dimension-
less variables:

t� ¼ aet

L2 ; x� ¼ x
L

; x ¼ P
DP

; T� ¼ T � Tp

DT
ð51aÞ

W� ¼ W �Wr

Wp �Wr
; C�w ¼

ywC
Cw0

; Q �v ¼ QvL2=ðkeDTÞ ð51bÞ

where pressure and temperature are normalized relatively to arbi-
trary chosen increments DP and DT respectively.

4.2.2. Governing equations in dimensionless form
Mathematical model after transformation consists of mass bal-

ance in gas phase:

aeCw0
@C�w
@t�
þ L

@ðyw � NxÞ
@x�

þ aeqbuðWp �WrÞ
eMw

@W�

@t�
¼ 0 ð52Þ
mass balance in solid phase:

@W�

@t�
¼ � L2

ae
KW� ð53Þ

quasi-homogeneous heat balance:

� ke
@2T�

@x�2
þ LNx

Xs

i¼1

yicpgi

@T�

@x�
þ LcR

@T�

@t�

þ aeðWp �WrÞqbu

DT
DHads

Mw

@W�

@t�
� keQ �v ¼ 0 ð54Þ

and Ergun equation:

DP
@ðxÞ
@x�

¼ � Lg
CkD

Nx �
Xs

i¼1

yiMi

 !
LkE

CkD
N2

x ð55Þ

where W� is expressed by multitemperature extended Langmuir
isotherm (39).

4.2.3. Numerical method
Mathematical model is solved numerically by means of lines

method which requires transformation of partial differential equa-
tions into set of ordinary differential equations for time derivatives,
and approximation of space derivatives by adequate finite differ-
ences [62].

Fixed-bed region is divided into N � 1 parts with N nodal points
as is shown in Fig. 8, and value j denotes space steps.

Applying central finite-difference scheme for second order
approximation of first and second order derivatives for
j ¼ 1; . . . ; N � 1, the water vapor mass balance becomes:

dðC�wÞj
dt�

¼� L
aeCw0

ðyw �NxÞjþ1�ðyw �NxÞj�1

2Dx�
�

qbuðWp�WrÞj
Cw0eMw

dðW�Þj
dt�

ð56Þ

The mass balance in the dried material:

ðdW�Þj
dt�

¼ � L2

ae
KðW�Þj for j ¼ 1; . . . ; N � 1 ð57Þ

The heat balance equation:

dT�j
dt�
¼ ke

LcR

T�jþ1 � 2T�j þ T�j�1

Dx�2
� Nx

cR

Xs

i¼1

yicpgi

T�jþ1 � T�j�1

2Dx�

þ � aeqbuðWp �WrÞ
LcRDT

DHads

Mw

dðW�Þj
dt�

þ ke

LcR
Q �v j

for j ¼ 1; . . . ; N � 1 ð58Þ
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Fig. 10. Multitemperature adsorption isosteres of water vapor on Zeolite DAY-20F.
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The pressure drop in dried material:

xjþ1 �xj�1

2Dx�
¼ � Lg

DPCkD
Nx �

Xs

i¼1

yiMi

 !
LkE

DPCkD
N2

x

for j ¼ 1; . . . ; N� 1 ð59Þ

For j ¼ N dimensionless pressure drop is equal to dimensionless
pressure in the vacuum chamber xVC ¼ ðPVC � P0Þ=DP ¼ const: For
j ¼ 0 differential @xj

@x�

���
j¼0

is replaced by a forward difference:

@xj

@x�
¼ �3xj þ 4xjþ1 �xjþ2

2Dx�
¼ 0 for j ¼ 0 ð60Þ

which can be solved for x0 to yield x0 ¼ ð4x1 �x2Þ=3: Molar flux
of water vapor:

Nx ¼ �
2CkDg�1 ðxjþ1 �xj�1Þ=2Dx�


 �
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4C

Ps
i�1yiMi

� 

kDkEg�2 ðxjþ1 �xj�1Þ=2Dx�


 ��� ��q
ð61Þ

Temperature and concentration at nodes 0 and N were computed
according to suitable boundary conditions defined by Eq. (50a–c).

As a result of computations temperature and water concentra-
tion distributions in dried material can be calculated.

4.3. Physical properties

In theoretical analysis the vacuum desorption of water in
Zeolite DAY-20F is considered. Parameters of multitemperature
Langmuir isotherm for water–Zeolite DAY-20F system listed in
Table 2 [1,4] were approximated by nonlinear Levenberg–
Marquardt estimation of data within temperature range of
293—373 K [61]. Multitemperature Langmuir isotherm of water
vapor on Zeolite DAY-20F in wide range of pressure is shown in
Table 2
Constants of multitemperature Langmuir isotherm equation for water–Zeolite DAY-
20F system.

Component Constants of multitemperature Langmuir isotherm equation

W0=kg kg�1 a=K b=Pa�1 c=K

Water 0.370300 1387.82 0:170 � 10�6 1511.02
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Fig. 9. Multitemperature adsorption isotherm of water vapor on Zeolite DAY-20F.
Fig. 9. Additionally multitemperature Langmuir isostere for the
same system is depicted in Fig. 10. Physical properties of Zeolite
DAY-20F assumed at average bed temperature 303:15 K and pro-
cess pressure 100 Pa are as follows: ke ¼ 0:025 W=ðm KÞ; cs ¼
900 J=ðkg KÞ;qb ¼ 500 kg=m3; e ¼ 0:677.

5. Results and discussion

During the primary freeze-drying stage equilibrium water
vapor pressure in region II equals approximately vapor pressure
at sublimation front, i.e. 100 Pa. Equilibrium material (Zeolite
DAY-20F) moisture content relative to that pressure equals about
0:05 kg=kg for maximal material temperature: 323 K (Fig. 9). Thus
for dried layer temperatures range (region II), taking place during
primary freeze-drying (below 323 K) moisture desorption does
not exist.

Formulated here mathematical model of the secondary vacuum
freeze-drying at microwave heating consisting of Eqs. (55)–(59)
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Fig. 11. Moisture content of Zeolite DAY-20F versus time: P ¼ 100 Pa; L ¼
0:04 m; Wp ¼ 0:04 and 0: 06 kg=kg; E¼ 2500 V=m; Qv ¼ 6588 W=m3; l1 ¼ 1:107�
10�6 W=ðmV2 KÞ; l2 ¼ 1:021 � 10�3 W=ðmV2Þ.
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Fig. 12. Temperature profiles of Zeolite DAY-20F for various process times:
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with adequate initial and boundary conditions (50) was solved by
4thorder Runge–Kutta method with the following process param-
eters: L ¼ 0:004 or 0:006 m; Wp ¼ 0:04 or 0:06 kg=kg; l1 ¼
1:107 � 10�6 W=ðmV2 KÞ; l2 ¼ 1:021 � 10�3W=ðmV2Þ; E ¼ 2500
V=m and initial bed temperature Tðx;0Þ ¼ 293:15 K. Calculated
dissipation coefficient at this conditions amounts to Kdys ¼
1:054 � 10�3 and average capacity of internal volumetric heat
source throughout the material equals: Qv ¼ 6588 W=m3. Ob-
tained results of numerical simulation are presented in Figs. 11
and 12.

Moisture contents versus time for two initial bed moisture con-
tents Wp ¼ 0:04 and 0:06 kg=kg in Zeolite DAY-20F bed of thick-
ness L ¼ 0:04 m are shown in Fig. 11.

Fig. 12 depicts dried bed temperatures versus dimensionless
positions in the material layer, for various process times at sample
thickness L ¼ 0:04 m and initial moisture content Wp ¼ 0:04
kg=kg.

6. Conclusions

The mathematical model of both primary and secondary freeze-
drying stages of random solids at microwave heating was devel-
oped. Experimental and theoretical investigations of the primary
freeze-drying at microwave heating were presented for two se-
lected materials: Sorbonorit 4 activated carbon and Silicagel beds.
Furthermore, theoretical analysis of the secondary freeze-drying at
microwave heating was performed for Zeolite DAY-20F bed.

For dried materials such as used here, characterized by consid-
erable internal porosity, primary freeze-drying stage is not suffi-
cient to remove entire moisture contained in the dried bed.
During primary freeze-drying at microwave heating free, intersti-
tial moisture is removed. Secondary freeze-drying stage is then
necessary to remove residual moisture which may be as high as
7%, after primary stage.

Kinetics of the microwave freeze-drying process is enhanced in
comparison with freeze-drying at conventional heating. It is
caused mainly by the fact, that in conventional heating tempera-
ture and mass transfer gradients in the dried material have oppo-
site directions. On the contrary, in freeze-drying process at
microwave heating both temperature, and mass transfer gradients
are cocurrent. It is very convenient phenomenon from point of
view of the qualitative final dried material properties.

Assumption of constant electric field strength in a dried mate-
rial is valid for dimensions samples up to half wavelength order
in mono-modal resonant cavities. Formulated mathematical model
can be also applicable in microwave heating of samples dimen-
sions equaled multiple wavelengths in multimodal applicators
with uniform distribution of electric field strength.

The model for secondary freeze-drying at microwave heating
takes into account mass transfer resistances which arise in vacuum
desorption. The LDF mass transfer model with a variable, lumped-
resistance coefficient K was used. This numerical model was ap-
plied to perform computer simulation of the vacuum desorption
of pure water from zeolite DAY-20F.

The recorded current signal of the microwave detector coupled
with the magnetic loop in the bottom wall of the microwave appli-
cator used in investigations was not constant during an experi-
mental run. It may indicate that electric field strength in a dried
sample varies during the process. These changes were not signifi-
cant, however taking them into account in mathematical modeling
would require: derivation of complex dependency between electric
field strength and sublimation front position as well as the temper-
ature distributions in sample layers. Such studies should be taken
into account in the future modeling developments.

In theoretical investigations of both the primary and secondary
process stages, source terms in model equations were calculated at
electromagnetic wave frequency of 2.45 GHz as a function of aver-
aged electric field strength and material dielectric properties.
Dependency of dissipation coefficient on temperature is taken into
account and simplified by linear regression function with parame-
ters l1 and l2. Nevertheless, for some dried materials dissipation
coefficient can be assumed constant and then parameter l1 ¼ 0
and l2 is equaled Kdys.

Experimental verification of the model simulations of the pri-
mary freeze-drying at microwave heating approved its fairly good
usefulness for design applications. Furthermore, mathematical
model of the vacuum desorption in the secondary freeze-drying
enables predictions of the drying kinetics for the random solids.
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